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Abst rac t - -We study some nonlinear diffusion problems in which the interface position is deter- 
mined by ~70v~. We present some analytical and numerical methods to determine the value of 7/o 
with a large exactness. ~) 1998 Elsevier Science Ltd. All rights reserved. 
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Some phenomena such as a dopant difussion through a semiconductor [1-3], viscous fluid slowly 
leaking out of a large tank [4], or infiltration of water from a reservoir into a unsaturated soil [5] 
can be described by the following problem: 
Ct = (cmcx)z, (x,t)  E S = (0, oo) x (0, oc), (m > 0), (1) 
c(0, t) = 1, for t > 0, (2) 
c(x, 0) = 0, for x > 0. (3) 
For different physical problems, the value of the parameter  m can vary. In semiconductor produc- 
t ion application, problem (1)-(3) is used with m = 1 to model diffusion of the arsenic and boron 
into silicon; m = 2 for phosphorus into silicon; m = 2, 2.5, or 3 for zinc in gall ium arsenide [2,3]. 
The evolution of the viscous fluid can be described with m = 3 (see [4]) and the water infi ltration 
with m = I (see [5]). There are also problems in which equation (1) is considered with m < 1 
(see [6]). I f  m = 0, then problem (1)-(3) has the classical solution c, but suppc( . , t )  = (0, oo), 
for any t > 0 (see [7]), which is not very realistic with respect to applications. In the case of 
m > 0, problem (1)-(3) has only a unique so-called weak solution c = c(x, t) (see [8]), which has 
the form of the similarity solution 
f c(~), if T}<70, 
c(x, t) (4) [ 0, if 77 > ~}0, 
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where ~/= x/v~ and ~} = ~/0 denotes the interface (or free boundary) of the considered problem. 
Since in this case, supp c(., t) -- (0, Z/ovq), then this solution is more suitable for the modelling of 
different physical phenomena. The value of z}0 is of particular importance in several applications, 
for example, in semiconductor production, it determines the position of the junction where the 
net dopant concentration changes type (see [1,9]). In this note, we would like to present some 
analytical and numerical methods, which permit us to calculate exactly the value of ~/0. 
If we consider u = c m instead of c, then (1),(2) is reduced to 
1 / 
-~nu = ~"+ ±u '2, (7 • [O, no]), (5) 
m 
~(0) = 1. (6) 
Moreover, the following interface conditions hould be satisfied: 
m 
u(~}0) = 0, lim u'(z}) = -~-n0. (7) 
'7--*'7o 
Putting 
and 
the previous problem becomes 
~/= ~}0(1 - s), (s • [0, 1]) 
u(v)=v~mv(s), 
1 
mvv"+(v ' )2=~(1 - s)v', (8) 
1 
v(O)=O, lim v ' ( s )= (9) 
s....,O + 2" 
The interface is given by 
1 
~o = r - -7 : , . ,  (10) 
x /mvt  l ) 
As in paper [10], it can be shown that problem (8),(9) has the unique solution v • C([0, 1]) N 
C2((0, 1]) which satisfies the following inequality: 
v3(s)_<v(s) <_va(s)+] l+a2(m)+ 3(m+l) 
a3(m)(m -[- 3) (v3(1)  (1/'n)-I 8 2+(l/m) 
× 
(2m + 1)(4m + 1) 
(11) 
for s E [0, 1], where 
and 
8 
V3(S) = ~ -l- a2(m)$ 2 -l- a3(m)s 3 
1 
a2(m)= 4(m+1) '  
m 
a3(m)= 12(2m+1)(m+1)2 .  
(12) 
(13) 
If we denote by 
~.--" ~ ,  (14) 
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then using the left-hand side of (11), we obtain 
1 ~0 v(1) - v3(1) (15) _ 73 _< ~(~ 
By i l l )  and (15), we get 
1 7/---3 L< 1 [1 (  m(2( ' /m)- l ) ) ]  (m-')/ma3(m)(m+3)[v3(1)](1/m)-2 (16) 
- 70 - ~ 1 + a2(m) + 3(m + i~ (2m + 1)(4m + 1) 
We have determined the value of ?73 for some m and have used the above inequality to cal- 
culate the estimate Er of the error between ?70 and ?73. The table below presents results of our 
calculations. 
m ?73 Er (%) 
1 1.61808 0.16 
2 1.090609 3.57.10 -2 
2.5 0.9629128 2.00.10 -2 
3 0.8706533 1.22.10 -2 
10 0.4575805 3.59.10 -4 
From (16), it is easy to see that the error tends very quickly to zero as m tends to infinity. On 
the basis of the presented table and (16), we can say that for m ~ 1, the value 
[ 3(2m + 1) 1 1/2 
773=2(m+1)  [3 (2m+l )2(m+l )+m]m (17) 
approximates ~/0 very exactly. However, for m < 1, we have to look for different methods. 
In [9], King has considered the formal power series expansion of the solution v to (8),(9). 
Assuming that 
oo 
8 v(s) = ~ + ~ an(m)s n, (18) 
n~-2 
for Isl < pa(m), where pa(m) is the radius of convergence, we obtain a2(m) and a3(m) as those 
given by (12) and (13), respectively, and 
m(m + 3) 
a4(m) = 48(3m + 1)(2m + 1)(r~ + 1)3' 
(n + 1)(ran + 1)a,,+l(m) = 2n + m(n 2 - 3n + 2) 
2(m + 1) a,~(m) (19) 
rL--2 
- 2 ~-~(p + 1)(n + 1 + p(m - 1))ap+l(m)an_p+l(m). 
p=2 
To calculate ?70, we should know that pa(m) > 1, but King does not give any convergence proof 
for the expansion (18). In [11], it has been presented that pa(m) > 1 for m > m0 = ~ - 1/8, 
but without any estimate of the difference v(s) - vn(s), where 
$ 
v~(s) = ~ + Z ~(m)  
k=2 
In the recent paper [12], a numerical treatment of the power series solution (18) has been pre- 
sented. It has been found to be a very good approximation of an(m), namely, 
A 
an(m) ~ pn(m)n E sin(wn + a), (20) 
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for 
[ 3"869111 
n k Int 5.45387 + v~ J + 1, 
where A, w, a, and E > 0 depend on m. In the case m < 1, we have 
(21) 
A _ 1. (22) 
Moreover, the radius of convergence is given by the formula 
r 1.5649vf~ 1 1 
(m + 1) L ]1 + 1-7 ~- -~w- ,  / , m < 5' 
pa(m)= r -ro.,o,~,,,J0.9382 7 1 (23) 
(m+l) [2.8375 m_> 5" 
Obviously, pa(m) > 1. With the determined numerically pa(m), we are able to do some estimates. 
Let m < 1. 
By (20) and (22), we get 
lan(m)p~(m)l < 1, 
for n satisfying (21), and hence, 
oo 
Iv(l) - vn(1)J _< ~ p~a(m), 
k=n+l  
which gives the estimate 
1 Iv(l) - v.(1)l _< p--~--~(pa(m) - 1). 
For any m _< 1, we shall only consider n such that 
(24) 
1 
p,2(m) (pa(m) - 1) < 2.10 -7. (25) 
It is easy to check numerically that such n satisfies (21) and then an(m) can be substituted by 
its approximation (20). By the left-hand side of (11), we infer 
v(1) > 0.25. (26) 
By (24)-(26), we get 
If we denote by 
then, as in (15), we obtain 
By (27) and (29), we can write 
vn(1) _> 0.2499998. (27) 
1 
nn = ~- -~,  (28) 
~/ mvn (l ) 
1 IV(1)--Vn(1)I 
-- ~1 -< 2Vn(1) (29) 
1 ~n -~_< 
0.499996p'~(m)(pa(m) - 1 " (30) 
We shall consider errors Er _< 4.10-5(%). 
Determination f the Interface Position 89 
On the basis of (30), we can say that for 
n = Int  r / log(Er" O.O04999996(pa(m)- 1))|  ] + 1, 
log pa(m) t 3 
(31) 
the value of ~Tn approximates T0 with the error less than Er. 
As an example, we present for some m, the value of ~n which approximates 770 with the error 
less than 0.00004%. The following table shows values of m, n determined by (31) and the value 
of ~,~. 
rn n ~n 
1 10 1.6161254468 
0.1 33 5.9273943901 
0.01 111 19.7626800537 
Some numerical considerations show that the number n is not the smallest one, but it gives 
the information about how many terms we should take into account o obtain 70 with the error 
less than Er. This prognosis is useful for different applications. The knowledge of a good 
approximation of 7/0 is very important o determine numerically the solution to (1)-(3). 
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